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Abstract A linear Lorentz connection has always two fundamental derived characteristics:
curvature and torsion. The latter is assumed to vanish in general relativity. Three gravita-
tional models involving non-vanishing torsion are examined: teleparallel gravity, Einstein–
Cartan, and new general relativity. Their dependability is critically examined. Although a
final answer can only be given by experience, it is argued that teleparallel gravity provides
the most consistent approach.
1 Introduction
Gravitation has a quite peculiar property: particles with different masses and different com-
positions feel it in such a way that all of them acquire the same acceleration and, given
the same initial conditions, follow the same path. Such universality of response — usually
referred to as universality of free fall — is the most fundamental characteristic of the grav-
itational interaction [1]. It is unique, peculiar to gravitation: no other basic interaction
of nature has it. Universality of free fall is usually identified with the weak equivalence
principle, which establishes the equality between inertial and gravitational masses. In fact,
in order to move along the same trajectory, the motion of different particles must be inde-
pendent of their masses, which have then to be canceled out from the equations of motion.
Since this cancellation can only be made when the inertial and gravitational masses coincide,
this coincidence will naturally imply universality.
General relativity, Einstein’s theory for gravitation, is fundamentally based on the weak
equivalence principle. In fact, to comply with universality, the presence of a gravitational
field is supposed to produce curvature in spacetime, the gravitational interaction being
achieved by letting (spinless) particles to follow the geodesics of the curved spacetime. In
other words, the connection describing the gravitational interaction is assumed to have
non-vanishing curvature, but vanishing torsion.
And now comes the important point: a general spacetime–rooted (or Lorentz) connection
has two fundamental properties: curvature and torsion. Why should then matter produce
only curvature? Was Einstein wrong when he made this assumption? Does torsion play
any role in gravitation? The purpose of these notes is to discuss possible answers to this
question, as well as to analyze their theoretical and experimental consistencies [2].
In order to do that we begin by introducing, in the next section, some fundamental con-
cepts related to spacetime and gravitation. Then, in section 3, we briefly review the main
points of general relativity, a theory in which torsion is assumed to vanish from the very
beginning. Section 4 gives a discussion of teleparallel gravity, a theory in which, instead
of torsion, curvature is assumed to vanish. In spite of this fundamental difference, general
relativity and teleparallel gravity are found to provide completely equivalent descriptions
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of the gravitational interaction. According to these theories, therefore, curvature and tor-
sion are equivalent ways of describing gravitation, and consequently related to the same
gravitational degrees of freedom. Section 5 briefly outlines Einstein–Cartan theory, which
presupposes the simultaneous existence of curvature and torsion. According to it, torsion
becomes important only in the presence of intrinsic spin, and new physical phenomena —
ignored by general relativity — are predicted to exist in its presence. For spinless matter,
it coincides with general relativity. In this theory, therefore, curvature and torsion are re-
lated to different degrees of freedom of gravity. Section 6 discusses new general relativity,
a generalized teleparallel model with three free–parameters, which should be determined
by experience. Differently from Einstein–Cartan, in this theory torsion is not necessarily
related to intrinsic spin. However, similarly to Einstein–Cartan, torsion is assumed to be
responsible for describing possible corrections to general relativity — and consequently to
the teleparallell equivalent of general relativity. Also in this case, therefore, curvature and
torsion are related to different degrees of freedom of gravity. Finally, section 7 is devoted
to a comparative discussion of the different interpretations for torsion.
2 Basic concepts
2.1 Linear frames and tetrads
The geometrical setting of any theory for gravitation is the tangent bundle, a natural
construction always present on spacetime [3]. At each point of spacetime — the bundle base
space — there is always a tangent space — the fiber — on which a spacetime transformation
group acts. In the case of the Lorentz group, the tangent space provides a representation for
the group, the vector representation. The bundle formalism provides a natural extension
to other representations — tensorial or spinorial. In what follows, we are going to use the
Greek alphabet (µ, ν, ρ, . . . = 0, 1, 2, 3) to denote indices related to spacetime, and the first
half of the Latin alphabet (a, b, c, . . . = 0, 1, 2, 3) to denote indices related to the tangent
space, assumed to be a Minkowski spacetime with metric
ηab = diag(+1,−1,−1,−1). (1)
The second half of the Latin alphabet (i, j, k, . . . = 1, 2, 3) will be reserved for space indices.
Spacetime coordinates, therefore, will be denoted by {xµ}, whereas the tangent space co-
ordinates will be denoted by {xa}. Such coordinate systems define, on their domains of
definition, local bases for vector fields, formed by the sets of gradients
{∂µ} ≡ {∂/∂xµ} and {∂a} ≡ {∂/∂xa}, (2)
as well as bases {dxµ} and {dxa} for covector fields, or differentials. These bases are dual,
in the sense that
dxµ (∂ν) = δ
µ
ν and dx
a (∂b) = δ
a
b . (3)
On the respective domains of definition, any vector or covector field can be expressed in
terms of these bases, which can furthermore be extended by direct product to constitute
bases for general tensor fields.
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A holonomic (or coordinate) base like {∂a}, related to coordinates, is a very particular
case of linear base. Any set of four linearly independent fields {ea} will form another
base, and will have a dual {ea} whose members are such that ea(eb) = δab . These frame
fields are the general linear bases on the spacetime differentiable manifold, whose set, under
conditions making of it also a differentiable manifold, constitutes the bundle of linear frames.
Of course, on the common domains they are defined, the members of a base can be written
in terms of the members of the other, that is,
ea = ea
µ ∂µ, e
a = eaµ dx
µ, (4)
and conversely. These frames, with their bundles, are constitutive parts of spacetime. They
are automatically present as soon as spacetime is taken to be a differentiable manifold [3].
We are going to use the notation {ha, ha} for a generic tetrad field (or simply “tetrad”),
a field of linear frames connected with the presence of a gravitational field. Consider the
spacetime metric g with components gµν , in some dual holonomic base {dxµ}:
g = gµνdx
µ ⊗ dxν = gµνdxµdxν . (5)
A tetrad field ha = ha
µ ∂µ will relate g to the tangent–space metric η = ηab dx
adxb by
ηab = g(ha, hb) = gµν ha
µhb
ν . (6)
This means that a tetrad field is a linear frame whose members ha are (pseudo) orthogonal
by the metric g. The components of the dual base members ha = haνdx
ν satisfy
haµha
ν = δνµ and h
a
µhb
µ = δab , (7)
so that Eq. (6) has the converse
gµν = ηab h
a
µh
b
ν . (8)
Anholonomy — the property of a differential form which is not the differential of any-
thing, or of a vector field which is not a gradient — is commonplace in many chapters of
Physics. Heat and work, for instance, are typical anholonomic coordinates on the space
of thermodynamic variables, and the angular velocity of a generic rigid body is a classi-
cal example of anholonomic velocity. In the context of gravitation, anholonomy is related,
through the equivalence principle, to the very existence of a gravitational field [4]. Given
a Riemannian metric as in (8), the presence or absence of a gravitational field is fixed by
the anholonomic or holonomic character of the forms ha = haνdx
ν . We can think of a
coordinate change {xa} ↔ {xµ} represented by
dxa = (∂µx
a) dxµ and dxµ = (∂ax
µ) dxa. (9)
The 1-form dxa is holonomic, just the differential of the coordinate xa, and the objects ∂µx
a
are the components of the holonomic form dxa written in the base {dxµ}, with ∂axµ its
inverse. Thus, such a coordinate change is just a change of holonomic bases of 1-forms. For
the dual base we have the relations
∂µ = (∂µx
a) ∂a and ∂a = (∂ax
µ) ∂µ. (10)
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Take now a dual base ha such that dha 6= 0, that is, not formed by differentials. Apply
the anholonomic 1-forms ha to ∂/∂µ. The result, h
a
µ = h
a (∂µ), is the component of h
a =
haµdx
µ along dxµ. The procedure can be inverted when the ha’s are linearly independent,
and defines vector fields ha = ha
µ∂µ which are not gradients. Because closed forms are
locally exact, holonomy/anholonomy can be given a trivial criterion: a form is holonomic
iff its exterior derivative vanishes. A holonomic tetrad will always be of the form ha = dxa
for some coordinate set {xa}. For such a tetrad, tensor (8) would simply give the components
of the Lorentz metric η in the coordinate system {xµ}.
An anholonomic basis {ha} satisfies the commutation table
[ha, hb] = f
c
ab hc, (11)
with f cab the so-called structure coefficients, or coefficients of anholonomy. The frame {∂µ}
has been presented above as holonomic precisely because its members commute with each
other. The dual expression of the commutation table above is the Cartan structure equation
dhc = −1
2
f cab h
a ∧ hb = 1
2
(∂µh
c
ν − ∂νhcµ) dxµ ∧ dxν . (12)
The structure coefficients represent the curls of the base members:
f cab = h
c([ha, hb]) = ha
µhb
ν(∂νh
c
µ − ∂µhcν) = hcµ[ha(hbµ)− hb(haµ)]. (13)
If f cab = 0, then dh
a = 0 implies the local existence of functions (coordinates) xa such that
ha = dxa. Nothing really new: the tetrads are gradients only when their curls vanish.
2.2 Connections
In order to define derivatives with a well-defined tensor behavior (that is, which are covari-
ant), it is essential to introduce connections Γλµν , which are vectors in the last index but
whose non–tensorial behavior in the first two indices compensates the non–tensoriality of
the ordinary derivatives. Linear connections have a great degree of intimacy with spacetime
because they are defined on the bundle of linear frames, which is a constitutive part of its
manifold structure. That bundle has some properties not found in the bundles related to
internal gauge theories. Mainly, it exhibits soldering, which leads to the existence of torsion
for every connection [5]. Linear connections — in particular, Lorentz connections — always
have torsion, while internal gauge potentials have not.
It is important to remark that, from a formal point of view, curvature and torsion are
properties of a connection [5]. Strictly speaking, there are no such things as curvature or
torsion of spacetime, but only curvature or torsion of a connection. This becomes evident if
we notice that many different connections are allowed to exist in the very same spacetime.
Of course, when restricted to the specific case of general relativity, where the only connection
at work is the Levi–Civita connection, universality of gravitation allows it to be interpreted
as part of the spacetime definition. However, in the presence of different connections with
different curvatures and torsions, it seems far wiser and convenient to take spacetime simply
as a manifold, and connections (with their curvatures and torsions) as additional structures.
A spin connection Aµ is a connection of the form
Aµ =
1
2
Aabµ Sab, (14)
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with Sab = −Sba Lorentz generators in a given representation. On the other hand, a tetrad
field relates internal with external tensors. For example, if V a is a Lorentz vector,
V ρ = ha
ρ V a (15)
will be a spacetime vector. However, in the specific case of connections, an additional
vacuum term appears when transforming internal to external indices, and vice versa. In
fact, a general linear connection Γρνµ is related to the corresponding spin connection A
a
bµ
through
Γρνµ = ha
ρ∂µh
a
ν + ha
ρAabµh
b
ν . (16)
The inverse relation is, consequently,
Aabµ = h
a
ν∂µhb
ν + haνΓ
ν
ρµhb
ρ. (17)
Equations (16) and (17) are simply different ways of expressing the property that the total
— that is, acting on both indices — covariant derivative of the tetrad vanishes identically:
∂µh
a
ν − Γρνµhaρ +Aabµhbν = 0. (18)
A connection Γρλµ is said to be metric compatible if
∂λgµν − Γρµλgρν − Γρνλgµρ = 0. (19)
From the tetrad point of view, by using Eqs. (16) and (17), this equation can be rewritten
in the form
hµ(ηab)−Adaµ ηdb −Adbµ ηad = 0, (20)
where hµ = h
a
µ∂a. Since hµ(ηab) = 0, we obtain
Abaµ = −Aabµ. (21)
The underlying content of the metric–preserving property is, therefore, that the spin con-
nection is Lorentzian.
The curvature and the torsion of the connection Aabµ are defined respectively by
Rabνµ = ∂νA
a
bµ − ∂µAabν +AaeνAebµ −AaeµAebν (22)
and
T aνµ = ∂νh
a
µ − ∂µhaν +Aaeνheµ −Aaeµheν . (23)
Using the relation (17), they can be expressed in a purely spacetime form:
Rρλνµ ≡ haρ hbλRabνµ = ∂νΓρλµ − ∂µΓρλν + ΓρηνΓηλµ − ΓρηµΓηλν (24)
and
T ρνµ ≡ haρ T aνµ = Γρµν − Γρνµ. (25)
The connection coefficients can be conveniently decomposed according to1
Γρµν =
◦
Γρµν +K
ρ
µν , (26)
1The magnitudes related with general relativity will be denoted with an over “◦”.
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where
◦
Γ
σ
µν =
1
2
gσρ (∂µgρν + ∂νgρµ − ∂ρgµν) (27)
is the torsionless Levi–Civita connection of general relativity, and
Kρµν =
1
2
(Tν
ρ
µ + Tµ
ρ
ν − T ρµν) (28)
is the contortion tensor. In terms of the spin connection, decomposition (26) assumes the
form
Acaν =
◦
A
c
aν +K
c
aν , (29)
where
◦
Acaν is the Ricci coefficient of rotation, the spin connection of general relativity.
Now, since the spin connection is a tensor in the last index, we can write
Aabc = A
a
bµ hc
µ. (30)
It can thus be easily verified that, in the anholonomic basis ha, the curvature and torsion
components are given respectively by
Rabcd = hc(A
a
bd)− hd(Aabc) +AaecAabd −AaedAebc + f ecdAabe (31)
and
T abc = −fabc +Aacb −Aabc. (32)
Seen from this frame, therefore, torsion includes the anholonomy. Use of (32) for three
combinations of the indices gives
Aabc = −12(fabc + T abc + fbca + Tbca + fcba + Tcba). (33)
When torsion vanishes, as in general relativity, we obtain the usual expression of the Ricci
coefficient of rotation in terms of the anholonomy:
◦
A
a
bc = − 12(fabc + fbca + fcba). (34)
We have now all tools necessary to study the possible roles played by torsion in gravita-
tion. We begin by reviewing, in the next section, the basics of general relativity, Einstein’s
theory for gravitation.
3 General relativity
Universality of both gravitational and inertial effects was one of the hints taken by Einstein
in the way towards his theory. Another clue was the notion of field. This concept provides
the best approach to interactions consistent with special relativity. All known forces are
mediated by fields on spacetime. If a field is to represent gravitation, it should, by the
considerations above, be a universal field, equally felt by every particle. And, of all the
fields present in a spacetime, the metric appears as the most fundamental. A gravitational
field should, therefore, be represented by a metric gµν , with its absence being described by
the flat Minkowski metric.
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The relevant connection in general relativity is the Levi–Civita connection (27). It is the
only Lorentz connection with vanishing torsion. It has, however, non-vanishing curvature,
which is related to the presence of a gravitational field. In general relativity, therefore,
torsion is chosen to vanish from the very beginning, and has no role in the description of
the gravitational interaction. The minimal coupling prescription in this theory amounts
to replace the usual ordinary derivative by a covariant derivative with the Levi–Civita
connection. Acting on a spacetime vector field V ρ, for example, it reads
◦
∇νV ρ = ∂νV ρ +
◦
Γρµν V
µ. (35)
Acting on a Lorentz vector V a, it is
◦
DνV a = ∂νV a +
◦
A
a
bν V
b. (36)
The gravitational field is described by the Einstein–Hilbert Lagrangian
◦
L = −
√−g
2k2
◦
R, (37)
where g = det(gµν), k
2 = 8πG/c4 and
◦
R = gλρ
◦
Rνλνρ is the scalar curvature of the Levi–
Civita connection. With a matter (source) field represented by  Lm, the total Lagrangian
is
 L =
◦
L+  Lm. (38)
Variation of the corresponding action integral with respect to the metric tensor gµν yields
Einstein equation
◦
Rµν +
1
2
gµν
◦
R = k2Θµν , (39)
where Θµν is the symmetric source energy–momentum tensor.
On the other hand, the action integral of a particle of mass m in a gravitational field is
S = −mc
∫ b
a
ds, (40)
with ds = (gµν dx
µdxν)1/2 the coordinate–independent spacetime line element. The corre-
sponding equation of motion is consistent with the minimal coupling prescription (35), and
is given by the geodesic equation
duρ
ds
+
◦
Γρµν u
µ uν = 0. (41)
This equation says simply that the particle four-acceleration — its left–hand side — van-
ishes. This property reveals the absence of the concept of gravitational force, a basic charac-
teristic of the geometric description. In fact, instead of acting through a force, the presence
of gravitation is supposed to produce a curvature in spacetime, the gravitational interaction
being described by letting (spinless) particles to follow the geodesics of the metric field.
Notice that no other kind of spacetime deformation is supposed to exist. Torsion, which
would be another natural spacetime deformation, is assumed to vanish from the start. This
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is the approach of general relativity, in which geometry replaces the concept of gravitational
force, and the trajectories are determined, not by force equations, but by geodesics. It is
important to notice that only an interaction presenting the property of universality can be
described by a geometrization of spacetime. It is also important to mention that, in the
eventual lack of universality,2 the general relativity description of gravitation would break
down.
4 Teleparallel gravity
The first attempt to unify gravitation and electromagnetism was made by H. Weyl in 1918
[8]. That proposal, though unsuccessful, introduced for the first time the notions of gauge
transformations and gauge invariance, and was the seed which has grown into today’s gauge
theories. Ten years after the introduction of torsion by E. Cartan in 1923 a second unifica-
tion attempt was made by Einstein. It was based on the concept of distant (or absolute)
parallelism, also referred to as teleparallelism. The crucial idea was the introduction of a
tetrad field. Since the specification of a tetrad involves sixteen components, and the grav-
itational field, represented by the spacetime metric, requires only ten, the six additional
degrees of freedom were related by Einstein to the electromagnetic field [9]. This attempt
did not succeed either but, like Weyl’s, introduced ideas that remain important to this day.
In fact, teleparallel gravity can be considered today a viable theory for gravitation [10].
It can be interpreted as a gauge theory for the translation group: the fundamental field is
the gauge potential Bµ, a field assuming values in the Lie algebra of the translation group,
Bµ = B
a
µ Pa, (42)
where Pa = ∂/∂x
a are the translation generators. It appears naturally as the nontrivial
part of the tetrad field:
haµ = ∂µx
a +Baµ. (43)
The fundamental connection of teleparallel gravity is the Weitzenbo¨ck connection3 which,
in terms of the tetrad, is written as4
•
Γ
ρ
µν = ha
ρ ∂νh
a
µ. (44)
In contrast to Levi–Civita, it is a connection with non-vanishing torsion, but vanishing
curvature. The Weitzenbo¨ck and Levi–Civita connections are related by
•
Γρµν =
◦
Γρµν +
•
Kρµν , (45)
where
•
K
ρ
µν =
1
2
(
•
T µ
ρ
ν +
•
T ν
ρ
µ −
•
T
ρ
µν) (46)
2Although the weak equivalence principle has passed all experimental tests and seems to be true at the
classical level [6], there are compelling evidences that it might not be valid at the quantum level [7].
3It should be remarked that R. Weitzenbo¨ck has never written such connection. Even though, this name
has been commonly used to denote a particular Cartan connection with vanishing curvature.
4The magnitudes related with teleparallel gravity will be denoted with an over “•”.
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is the contortion tensor, with
•
T ρµν =
•
Γρνµ −
•
Γρµν (47)
the torsion of the Weitzenbo¨ck connection.
The coupling prescription in teleparallel gravity is obtained by requiring consistency
with the general covariance principle, an active version of the strong equivalence principle
[11]. It follows that it is actually equivalent to that of general relativity [12]. Acting on a
spacetime vector field V ρ, for example, it is given by
•
∇νV ρ = ∂νV ρ + (
•
Γ
ρ
µν −
•
K
ρ
µν)V
µ. (48)
Since, as a consequence of definition (44), the Weitzenbo¨ck spin connection vanishes iden-
tically,
•
A
a
bµ = h
a
ν∂µhb
ν + haν
•
Γ
ν
ρµhb
ρ = 0, (49)
the corresponding covariant derivative of a Lorentz vector V a is [13]
•
DνV a = ∂νV a + (0−
•
K
a
bν)V
b. (50)
Note that the covariant derivatives (48) and (50) are the Levi–Civita derivatives rephrased
in terms of the Weitzenbo¨ck connection.
The Lagrangian of the teleparallel equivalent of general relativity is
•
L = h
2k2
[
1
4
•
T
ρ
µν
•
T ρ
µν +
1
2
•
T
ρ
µν
•
T
νµ
ρ −
•
T ρµ
ρ
•
T
νµ
ν
]
, (51)
where h = det(haµ). The first term corresponds to the usual Lagrangian of gauge theories.
However, owing to the presence of tetrad fields, algebra and spacetime indices can here be
changed into each other, and new contractions turn out to be possible. It is exactly this
possibility that gives rise to the other two terms. If we define the tensor
•
Sρµν = −
•
Sρνµ =
[
•
Kµνρ − gρν
•
T σµσ + g
ρµ
•
T σνσ
]
, (52)
the teleparallel Lagrangian (51) can be rewritten as [14]
•
L = h
4k2
•
Sρµν
•
T ρµν . (53)
Using relation (45), it is easy to show that
•
L =
◦
L − ∂µ
(
2hk−2
•
T νµν
)
, (54)
where
◦
L is the Einstein–Hilbert Lagrangian (37), and where we have used h = √−g. Up
to a divergence, therefore, the teleparallel Lagrangian is equivalent to the Lagrangian of
general relativity.
Let us consider now
L = •L+ Lm, (55)
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with Lm the Lagrangian of a general matter field. Variation of the corresponding action in-
tegral with respect to the gauge field Baρ leads to the teleparallel version of the gravitational
field equation
∂σ(h
•
Sµ
ρσ)− k2 (h •tµρ) = k2 (hΘµρ), (56)
where
•
tµ
ρ represents the energy–momentum pseudotensor of the gravitational field [15], and
Θµ
ρ is the symmetric source energy–momentum tensor. Using relation (45), the left-hand
side of the field equation (56) can be shown to be
∂σ(h
•
Sµ
ρσ)− k2 (h•tµρ) = h
(
◦
Rµ
ρ − 1
2
δµ
ρ
◦
R
)
. (57)
This means that, as expected due to the equivalence between the corresponding Lagrangians,
the teleparallel field equation (56) is equivalent to Einstein field equation (39). Observe that
the symmetric energy–momentum tensor appears as the source in both theories: as the
source of curvature in general relativity, and as the source of torsion in teleparallel gravity.
In teleparallel gravity, the action describing a particle of mass m in a gravitational field
Baµ is given by
S = −mc
∫ b
a
[ua dx
a +Baµ ua dx
µ] , (58)
where ua = haµ u
µ is the anholonomic particle four–velocity. The first term represents
the action of a free particle, and the second the coupling of the particle’s mass with the
gravitational field. The corresponding equation of motion is consistent with the coupling
prescription (48), and is given by the force equation [16]
duµ
ds
− •Γθµν uθ uν =
•
T
θ
µν uθ u
ν , (59)
with torsion playing the role of gravitational force. It is similar to the Lorentz force equation
of electrodynamics, a property related to the fact that teleparallel gravity is, like Maxwell’s
theory, a gauge theory. By using relation (45), the force equation (59) can be rewritten in
terms of the Levi–Civita connection, in which case it reduces to the geodesic equation (41).
The force equation (59) of teleparallel gravity and the geodesic equation (41) of general rel-
ativity describe, therefore, the same physical trajectory. This means that the gravitational
interaction has two equivalent descriptions: one in terms of curvature, and another in terms
of torsion. Although equivalent, however, there are conceptual differences between these
two descriptions. In general relativity, a theory based on the weak equivalence principle,
curvature is used to geometrize the gravitational interaction. In teleparallel gravity, on the
other hand, torsion accounts for gravitation, not by geometrizing the interaction, but by
acting as a force. Like Maxwell theory, there are no geodesics in teleparallel gravity, only
force equations.
An important property of teleparallel gravity is that, due to its gauge structure, it does
not require the weak equivalence principle to describe the gravitational interaction [17]. To
understand this point, let us consider a particle with inertial mass mi and gravitational
mass mg. In this case, the teleparallel action is written as
S = −mi c
∫ b
a
[
ua dx
a +
mg
mi
Baµ ua dx
µ
]
. (60)
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Observe the similarity with the action
S = −mi c
∫ b
a
[
ua dx
a +
q
mi
Aa dx
a
]
, (61)
which describes a particle with mass mi and electric charge q in an electromagnetic field
Aa. We see from these expressions that the electric charge q plays the same role as the
gravitational mass mg. Variation of (60) yields
P ρµ
(
∂ρx
a +
mg
mi
Baρ
)
dua
ds
=
mg
mi
•
T
a
µρ ua u
ρ, (62)
with P ρµ = δ
ρ
µ−uρ uµ a projection tensor. This is the equation of motion for particles with
mg 6= mi in the presence of gravitation. For mi = mg, it reduces to the teleparallel force
equation (59), which in turn is equivalent to the geodesic equation (41) of general relativity.
It is, however, impossible to get this kind of equation in the context of general relativity
— which is not valid if there is no universality. In other words, whereas the geometrical
description of general relativity breaks down, the gauge description of teleparallel gravity
stands up in the lack of universality.5 This is a very important issue because, even though the
equivalence principle has got through many experimental tests, there are many controversies
related with its validity [18], mainly at the quantum level [19].
One may wonder why gravitation has two equivalent descriptions. This duplicity is
related precisely to that peculiar property of gravitation, universality. As remarked above,
gravitation can be described in terms of a gauge theory — just teleparallel gravity. Univer-
sality of free fall, on the other hand, makes it possible a second, geometrized description,
based on the weak equivalence principle — just general relativity. As the sole universal
interaction, it is the only one to allow also a geometrical interpretation, and hence two
alternative descriptions. From this point of view, curvature and torsion are simply alter-
native ways of describing the gravitational field [20], and consequently related to the same
degrees of freedom. The gravitational interaction can thus be described alternatively in
terms of curvature, as is usually done in general relativity, or in terms of torsion, in which
case we have the so-called teleparallel gravity. Accordingly, we can say that, from the point
of view of teleparallel gravity, Einstein was right when he did not include torsion in general
relativity.
5 Einstein–Cartan theory
The main idea behind the Einstein–Cartan construction [21] is that, at the microscopic
level, matter is represented by elementary particles, which in turn are characterized by
mass (that is, energy and momentum) and spin. If one adopts the same geometrical spirit
of general relativity, not only mass but also spin should be source of gravitation at this
level. According to this scheme, energy–momentum should appear as source of curvature,
whereas spin should appear as source of torsion.
5Differently from general relativity, both teleparallel and Newtonian gravities are able to manage without
the weak equivalence principle. Furthermore, since these two theories describe the gravitational interaction
by a force equation, the Newtonian limit is found to follow much more naturally from teleparallel gravity
than from general relativity.
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The relevant connection of this theory is a general Cartan connection Γρµν , presenting
both curvature and torsion. Similarly to general relativity, the Lagrangian of the gravita-
tional field in Einstein–Cartan theory is
LEC = −
√−g
2k2
R. (63)
Observe that, although it formally coincides with the Einstein–Hilbert Lagrangian, the
scalar curvature refers now to the general Cartan connection. Considering then the La-
grangian
L = LEC + Lm, (64)
with Lm the Lagrangian of a general matter field, the ensuing field equations are obtained
through variations with respect to the metric gµν and to the torsion Tρ
µν . The result are
Rµν − 12 gµνR = k2 θµν (65)
and
T ρµν = k
2
(
Sρµν +
1
2
δρµ S
α
αν − 12 δρν Sααµ
)
, (66)
where θµν is the canonical energy–momentum tensor of the source, which is related to the
symmetric energy–momentum tensor Θµν through the Belinfante–Rosenfeld procedure [22],
and Sρµν is the spin tensor.
An emblematic property of Einstein–Cartan theory is that the field equation for torsion
is an algebraic equation, and consequently torsion is a non-propagating field. In spite of this
peculiarity, this theory can be considered as a paradigm of more general gravitational models
— like gauge theories for the Poincare´ [23] and the affine groups [24] — in the sense that
all these models presuppose new physics associated to torsion. In other words, curvature
and torsion in these theories represent independent gravitational degrees of freedom. We
can then say that, from the point of view of the Einstein–Cartan theory, as well as of the
more general gauge theories for gravitation, Einstein made a mistake by neglecting torsion.
The coupling prescription in Einstein–Cartan theory is usually assumed to be given by
the covariant derivative in terms of the connection Γρµν . Acting on a spacetime vector field
V ρ, for example, it reads
∇νV ρ = ∂νV ρ + Γρµν V µ, (67)
whereas acting on a Lorentz vector V a, it is
DνV a = ∂νV a +Aabν V b. (68)
Now, in this theory, the equation of motion of particles is usually obtained by considering
the generalized matter energy–momentum covariant conservation law, integrating over a
space-like section of the world tube of the particle, and expanding the gravitational field
in power series [25]. For spinning particles, in addition to the usual Papapetrou coupling
between particle’s spin with the Riemann tensor, there will appear in the equation of mo-
tion a coupling between spin and torsion. For spinless particles, it reduces to the geodesic
equation (41). Differently from general relativity and teleparallel gravity, therefore, where
the equations of motion of spinless particles are obtained by replacing the ordinary differ-
ential by the corresponding covariant differential, the equation of motion for such particles
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in Einstein–Cartan theory does not follow from the minimal coupling prescription. To a
certain extent, and considering the crucial role played by the minimal coupling prescription
in the description of the fundamental interactions, this point can be considered a drawback
of the Einstein–Cartan model. Furthermore, the coupling prescription (67) presents some
additional problems: it is not consistent [26] with the general covariance principle [11] —
an active version of the usual (passive) strong equivalence principle — and when applied to
describe the interaction of the electromagnetic field with gravitation, it violates the U(1)
gauge invariance of Maxwell’s theory.
6 New general relativity
As already remarked, the teleparallel structure was used by Einstein in his unsuccessful
attempt to unify gravitation and electromagnetism. In the sixties, Møller [27] revived the
idea of teleparallelism, but then with the sole purpose of describing gravitation. After-
wards, Pellegrini & Plebanski [28] found a Lagrangian formulation for teleparallel gravity,
a problem that was reconsidered later by Møller [29]. In 1967, Hayashi & Nakano [30] for-
mulated a gauge model for the translation group. A few years later, Hayashi [31] pointed
out the connection between that theory and teleparallelism, and an attempt to unify these
two developments was made by Hayashi & Shirafuji [32] in 1979. In this approach, general
relativity — or its teleparallel equivalent — is supplemented with a generalized teleparal-
lel gravity, a theory that involves only torsion, and presents three free parameters, to be
determined by experiment.
Like in the teleparallel equivalent of general relativity, the relevant connection of new
general relativity is the Weitzenbo¨ck connection (44). The coupling prescription, however,
is assumed to be given by a covariant derivative in terms of the Weitzenbo¨ck connection:
•
DνV
ρ = ∂νV
ρ +
•
Γρµν V
µ. (69)
Since the Weitzenbo¨ck spin connection vanishes identically,
•
Aabν = 0, the corresponding
covariant derivative of a Lorentz vector V a will coincide with an ordinary derivative [32]:
•
DνV
ρ = ∂νV
ρ. (70)
Considering that, like in Einstein–Cartan theory, the equation of motion of spinless particles
in new general relativity is the geodesic equation (41), here also there is an inconsistency
between the coupling prescription and the equation of motion of spinless particles.
The Lagrangian of the gravitational field in new general relativity has the form
Lngr = h
2k2
[
a1
•
T ρµν
•
T ρ
µν + a2
•
T ρµν
•
T νµρ + a3
•
T ρµ
ρ
•
T νµν
]
, (71)
with a1, a2, a3 arbitrary coefficients. Now, as is well known, torsion can be decomposed in
irreducible components under the global Lorentz group [33]:
•
Tλµν =
2
3
(tλµν − tλνµ) + 13 (gλµvν − gλνvµ) + ǫλµνρ aρ. (72)
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In this expression, vµ and a
ρ are the vector and axial parts of torsion, defined respectively
by
vµ =
•
T ννµ and a
µ = 1
6
ǫµνρσ
•
T νρσ, (73)
whereas tλµν is the purely tensor part, given by
tλµν =
1
2
(
•
T λµν +
•
Tµλν
)
+ 1
6
(gνλvµ + gνµvλ)− 13gλµ vν . (74)
In terms of these components, the above Lagrangian reads
Lngr = h
2k2
[b1 t
ρ
µν tρ
µν + b2 v
µ vµ + b3 a
µ aµ] , (75)
with b1, b2, b3 new arbitrary coefficients. Considering then the identity
2
3
tρµν tρ
µν + 2
3
vµ vµ − 32 aµ aµ =
◦
R, (76)
it can be rewritten in the form
Lngr = h
2k2
[
◦
R+ c1 t
ρ
µν tρ
µν + c2 v
µ vµ + c3 a
µ aµ
]
, (77)
with
c1 = b1 − 23 , c2 = b2 − 23 , c3 = b3 + 32 . (78)
According to this theory, therefore, torsion is assumed to produce deviations from the
predictions of general relativity — or equivalently, from the predictions of the teleparallel
equivalent of general relativity. This means that, similarly to Einstein–Cartan theory, tor-
sion represents additional degrees of freedom of gravity. Also from the point of view of new
general relativity, therefore, Einstein made a mistake by neglecting torsion.
It should be remarked that solar system experiments restrict severely the existence
of non-vanishing c1 and c2. Furthermore, as already shown in the literature [34], the
Schwarzschild solution exists only for the case with c1 = c2 = c3 = 0. In principle, therefore,
we can say that new general relativity lacks experimental support. Anyway, there has been
recently a proposal to look for some eventual effects produced by a non–vanishing c3 using
the Gravity Probe B data [35]. The idea behind such proposal lies on the fact that the axial
torsion aµ, which represents the gravitomagnetic component of the gravitational field [36],
is responsible for producing the Lense–Thirring effect, which is one of the effects Gravity
Probe B was intended to detect.
7 Final remarks
In general relativity, curvature represents the gravitational field. In teleparallel gravity, it
is torsion that represents the gravitational field. In spite of this fundamental difference, the
two theories are found to yield equivalent descriptions of the gravitational interaction. An
immediate implication of this equivalence is that curvature and torsion are simply alter-
native ways of describing the gravitational field, and are consequently related to the same
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degrees of freedom. This is corroborated by the fact that the symmetric matter energy-
momentum tensor appears as source in both theories: as source of curvature in general
relativity, as source of torsion in teleparallel gravity.
Now, more general gravity theories, like Einstein-Cartan, gauge theories for the Poincare´
and more general groups, as well as new general relativity, consider curvature and torsion as
representing independent degrees of freedom. In these theories, therefore, torsion describes
additional degrees of freedom and, in consequence, new physical phenomena should be
expected. These differences give rise to a conceptual question concerning the actual role
played by torsion. The two points of view are physically conflictive: if one is correct, the
other is necessarily wrong. Which of them is right? In principle, experience should give the
answer, but this is not so simple — there seems to be no model–independent way to look for
torsion. For example, due to the Einstein–Cartan theory, there is a widespread belief that
torsion has an intimate association with spin, and is consequently important only at the
microscopic level. Most searches rely on this point of view [37], though a recent proposal
[35] looks for effects as predicted by new general relativity.
It should be remarked that, due to the weakness of the gravitational interaction, there
are no available data on the gravitational coupling of the fundamental particles. Concerning
macroscopic physics, no one has ever reported new gravitational phenomena near a neutron
star, for example, where the effects of torsion would be relevant according to Einstein–
Cartan theory. Actually, there are no experimental signs of torsion in the sense predicted
by Einstein–Cartan, gauge theories for the Poincare´ and more general groups, and new
general relativity. On the other hand, according to teleparallel gravity, torsion has already
been detected: it is responsible for all known gravitational effects, including the physics
of the solar system, which can be reinterpreted in terms of a force equation, with torsion
playing the role of gravitational force. We could then say that the existing experimental
data favor the teleparallel point of view, and consequently general relativity.
From the conceptual point of view, all alternative models — Einstein–Cartan, gauge
theories for Poincare´ and more general groups, as well as new general relativity — present
consistency problems. For example, even though the coupling prescription of these models
can comply with the passive strong equivalence principle, they are not consistent [26] with
the active version of the strong equivalence principle, also known as the general covariance
principle [11]. Another relevant problem is that, when used to describe the interaction of
the electromagnetic field with gravitation, the coupling prescriptions of these models violate
the U(1) gauge invariance of Maxwell’s theory. This problem is usually circumvented by
postulating that the electromagnetic field does not couple to torsion [38]. This ostrich-like
“solution” is, however, far from reasonable. On the other hand, the teleparallel interpreta-
tion for torsion presents several conceptual advantages in relation to the other theories: it
is consistent with both active and passive versions of the strong equivalence principle [12]
and describes the interplay of electromagnetic and gravitational fields without violating
electromagnetic gauge invariance [39]. In spite of the conceptual soundness of the telepar-
allel approach, we prefer to say once more that a definitive answer can only be achieved by
experiments.
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